Abstract . We construct a boundary for acylindrical amalgamated free product of geometrically finite convergence groups, over a subgroup that satisfies a property of quasi-convexity. We show that the amalgamation is a geometrically finite convergence group on this boundary, and we deduce its relative hyperbolicity. We apply this to the case of limit groups.
It is a general problem to know which constructions preserve (Gromov) hyperbolicity. In particular, when does the result of constructions with (word-)hyperbolic groups is still hyperbolic ? This question has been widely studied, especially by M.Bestvina, and M.Feighn ( [1] ), with their Combination Theorem.
Combination theorems give sufficient conditions ensuring the hyperbolicity of an amalgamated free product, or HNN extension, of hyperbolic groups. An usual formulation (not the strongest) asserts that an acylindrical amalgamated free product of hyperbolic groups over a quasi-convex subgroup, is hyperbolic (see [5] , [6] ). The notion of acylindricity was introduced by Sela ( [7] ), and means that the Serre tree of the product contains no segment of large length with non-finite stabilizer (cf. Definition 2.1).
The assumption of acylindricity is not necessary : the mapping torus of a pseudo-anosov diffeomorphism is a famous example of non-acylindrical HNN extension of a surface group that remains hyperbolic. Nevertheless, this case contains many examples. In particular, the Serre tree is acylindrical if H is malnormal in at least one of the factors, that is if the intersections (xHx −1 ∩ H) are trivial as soon as x is not in H.
In this note, we prove a Combination Theorem for acylindrical products of geometrically finite convergence groups (Theorem 0.1). Such a group acts on a metrizable compactum with properly discontinuous induced action on the space of distinct triples, and with only conical limit points and bounded parabolic points (see Definitions 1.1, 1.2, in part 1). A famous theorem of B.Bowditch ([3] ) states the equivalence between being a uniform convergence group (where there are only conical limit points in the compactum), and being a hyperbolic group. A generalization of this result, due to A.Yaman ([9] ) states that a geometrically finite convergence group is relatively hyperbolic, provided each maximal parabolic subgroup is finitely generated. Thus, we also get a combination theorem for relatively hyperbolic groups.
For all this, we will define a dynamical condition of quasi-convexity that extends the usual one for hyperbolic groups (Definition 1.5).
Theorem 0.1 Let Γ be the fundamental group of an acylindrical finite graph of groups, with vertex groups being geometrically finite convergence groups and edge groups being fully quasi-convex subgroups. Then Γ is geometrically finite with peripheral structure the set of images of the parabolic groups, and their conjugates.
Under the assumption of the theorem, we construct, in the spirit of Maskit combinations, a metrizable compactum, gathering the ends of the Bass-Serre tree, and the boundary of the stabilizers of the vertices of the tree (part 2). The construction is done so that the amalgamation acts by homeomorphisms on the compactum, and we study, in part 3, the dynamic of this action, the property of convergence, and geometrically finiteness. This gives the theorem itself, and also a good description of the boundary of the product. For example, we have a good control on its topological dimension, which can be strictly more than the one of all objects involved.
Theorem 0.2 In the hypothesis of Theorem 0.1, assume that the limit sets of vertex groups have topological dimension less than r, and the limit sets of the edge groups have topological dimension less than s. Then the limit set of Γ has topological dimension less than Max{r, s + 1}.
This, and the dictionary with relatively hyperbolic groups, allow us to answer a question by Z.Sela about the geometry of limit groups (see [8] ). This appears to be the first question in Sela's problem list.
Corollary 0.1 Limit groups are hyperbolic relative to their maximal abelian subgroups, and their boundary is a compactum of dimension zero or one.
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We say that M is the (dynamical) boundary of Γ.
Definition 1.2 (Conical limit point, bounded parabolic point)
Let Γ a convergence group on a metrizable compact M . A point x ∈ M is a conical limit point if there exists a sequence in Γ, (γ n ) n∈N , and two
A point x ∈ M is bounded parabolic if Stab(x) acts properly discontinuously co-compactly on M \ {x}. Its stabilizer is a parabolic subgroup.
Definition 1.3 (Geometrically finite convergence groups)
A convergence group on M is geometrically finite if M consists only in conical limit points and bounded parabolic points. Its peripheral structure is the family of maximal parabolic subgroups.
We give a geometrical counterpoint.
Definition 1.4 (Relatively hyperbolic groups)
We say that a group Γ is relatively hyperbolic with peripheral structure a family of finitely generated subgroups G, if it acts properly discontinuously by isometries, on a proper Gromov-hyperbolic length space Σ, such that the induced action on ∂Σ is of convergence, geometrically finite, with peripheral structure G.
The boundary of Σ is canonically associated to the relatively hyperbolic group. We say that it is the boundary of Γ, and denote it by ∂Γ. We have a natural topology of compact metrizable space on Γ ∪ ∂Γ (see [4] for details).
A. Yaman has the following characterization, which is a generalization of a theorem of Bowditch [3] , about hyperbolic groups. Theorem 1.1 (Yaman, [9] ) Let Γ be a geometrically finite convergence group on a metrizable compactum M with elements of the peripheral structure finitely generated. Then Γ is relatively hyperbolic, and M is equivariantly homeomorphic to ∂Γ. Let G be a geometrically finite convergence group, and H < G a subgroup. H is fully quasi-convex if it satisfies the following :
Fully quasi-convex subgroups
• H is a geometrically finite convergence group on its limit set ΛH (the minimal non-empty closed H-invariant subset in ∂G) with peripheral structure, the trace of the one of G,
• for any sequence of elements γ n all in distinct H-cosets, the diameters of (γ n .ΛH) tend to zero, and the total intersection is empty.
Lemma 1.1 (justification of the word 'fully')
Let G a geometrically finite convergence group, and H a fully quasiconvex subgroup. Let P an element of the peripheral structure of G. Then, either P ∩ H is finite, or P ∩ H is of finite index in P .
Let p ∈ ∂G the parabolic point fixed by to P . Assume P ∩ H is not finite, so that p ∈ ΛH. Then p is in any translate of ΛH by elements of P . Second point of Definition 1.5 shows that there are finitely many such translates : P ∩ H is of finite index in P .
Lemma 1.2 (Intersection of fully quasi-convex subgroups)
Let G be a geometrically finite convergence group, and let H 1 and H 2 be two fully quasi-convex subgroups. Then H 1 ∩ H 2 is fully quasi-convex, and
It is easily seen from similar facts for H 1 and
, that any sequence of distinct translates of ΛH 1 ∩ ΛH 2 has empty intersection, and diameter tending to zero.
Let p ∈ (ΛH 1 ∩ ΛH 2 ) a parabolic point for Γ, and P its fixator in Γ. For i = 1 and 2, the group H i ∩ P is an element of the peripheral structure of H i , hence infinite. By Lemma 1.1, they are both of finite index in P , and therefore so is their intersection. Hence p is a bounded parabolic point for
Let ξ ∈ (ΛH 1 ∩ ΛH 2 ) be now a conical limit point for Γ. It is then a conical limit point for each of the H i . To prove that it is a conical limit point for (H 1 ∩ H 2 ), we will see the group G as relatively hyperbolic on a Gromov hyperbolic space Σ, by Theorem 1.1. We identify Γ with the orbit of a given point in Σ, the proper hyperbolic space associated to Γ. Classically, it is enough to show that there is a quasi-geodesic ray in Γ, that stays in (H 1 ∩ H 2 ) ⊂ Γ, and that converge to ξ. We know that there is a quasi-geodesic ray r 1 (resp r 2 ) staying in H 1 (resp. H 2 ), and tending to ξ. As the two rays converge to the same point in an hyperbolic space, they must remain at bounded distance :
The number of points of Γ in a ball of radius D of Σ is bounded, and therefore, r 1 (n) −1 .r 2 (m n ) ∈ Γ takes only finitely many values. Let a be a value taken infinitely many times. Let n 1 the first integer such that r 1 (n) −1 .r 2 (m n ) = a. Then, for all other convenient n, we have r 1 (n).r 1 (n 1 ) −1 = r 2 (m n ).r 2 (m n 1 ) −1 , and therefore is in H 1 ∩ H 2 . As r 1 (n 1 ) −1 is a constant, and r 1 (n) converge to ξ, we have that r 1 (n).r 1 (n 1 ) −1 converge to ξ also. Collecting all such sequences for the possible values of a, we get a quasi-geodesic that stays in (H 1 ∩ H 2 ) ⊂ Γ, and that tend to ξ. This is a conical limit point for (
We emphasize the case of hyperbolic groups :
Proposition 1.1 (Case of hyperbolic groups) In a hyperbolic group, a proper subgroup is quasi-convex in the classical sense if and only if it is fully quasi-convex for Definition 1.5.
B.Bowditch proved in [2] that a subgroup H of a hyperbolic group G is quasi-convex if and only if it is hyperbolic with limit set equivariantly homeomorphic to ∂H, and such that the diameters of a sequence of translates tend to zero. It remains only to see that, if H is quasi-convex in the classical sense, then the intersection of infinitely many distinct translates g n .∂H is empty, and we prove it by contradiction. Choose ξ in ∩ n g n .∂H, then there is in each coset g n .H, an L-quasi-geodesic ray r n (t) tending to ξ. As they converge to the same point in the boundary of an hyperbolic space, there is a constant D such that for all i and j we have :
Let N a number larger than the cardinality of the ball of radius D in the Cayley graph of G, and consider a point r 1 (T ) with T bigger than any t i,j , for i, j ≤ N . Then any of the rays r i , i ≤ N , has to pass through the ball of radius D centered in r 1 (T ). By the pigeon hole argument, we see that two of them pass through the same point, but they were supposed to be in disjoint cosets.
In fact, our point of view in Definition 1.5 is a slight generalization of the dynamical point of view in [2] , where the definitions are given for hyperbolic groups. With standard methods, one can prove that, if Γ is relatively hyperbolic, acting on a hyperbolic fine graph K (by example, cf. [4] ), a subgroup that has an orbit quasi-convex in K, and that satisfy the conclusions of Lemma 1.1, is fully quasi-convex, and conversely.
Boundary of an acylindrical graph of groups
Let Γ be the fundamental group of a finite graph of groups, with a base point, with all vertex group geometrically finite, and such that each edge group embeds in the adjacent vertices groups as a fully quasi-convex subgroup (hence it is also geometrically finite). Let T be the Bass-Serre tree.
We assume that the Γ-action on T is k-acylindrical for some k ∈ N :
Definition 2.1 (Acylindricity, from Sela [7] ) A group action on a tree is k-acylindrical if the stabilizer of any segment of length k is finite.
Definition of the boundary M
For a vertex of the tree T , say v, we associate its boundary, the compact set ∂(v) homeomorphic to the boundary of the stabilizer of v in T . For an edge e with vertices v 1 and v 2 , the stabilizer of e in T , Stab(e) embeds in both of the stabilizers Stab(v 1 ) and Stab(v 2 ), hence inducing embeddings of its boundary ∂(Stab(e)) in the boundaries of the two vertices : Λ (e,v i ) : ∂(Stab(e)) ֒→ ∂(v i ).
Let T 0 be the set of vertices of T . We define the disjoint union :
If ξ ∈ ∂(v), and γ.v = v ′ , then γ defines an homeomorphism of ∂(v) on ∂(v ′ ). It is easily seen that this defines an action of Γ on Ω.
We now define an equivalence relation ∼ in Ω, as the transitive closure of the following : ξ 1 ∈ ∂(v 1 ) and ξ 2 ∈ ∂(v 2 ) are equivalent if there is an edge e between v 1 and v 2 , and ξ 2 = [Λ (e,v 2 ) • (Λ (e,v 1 ) ) −1 )](ξ 1 ). Note that the group Γ still acts on the left on Ω/ ∼ .
Let ∂T be the set of ends of the tree T ; we define
Let π be the projection corresponding to the quotient : π : Ω → Ω/ ∼ . For a given edge e with vertices v 1 and v 2 , the two maps π•Λ (e,v i ) : ∂(Stab(e)) → Ω/ ∼ , for i = 1, 2, are identically equal, and we call their image the boundary of the edge e, ∂(e). Note that the action of Γ on Ω/ ∼ induces a natural action of Stab(e) on ∂(e).
Domains
We still note π the projection : π : Ω → Ω/ ∼ . Let ξ ∈ Ω/ ∼ . We define the domain of ξ, D(ξ) to be the set of vertices of T defined as follow :
As we want uniform notations for all points in M , we will say that the domain of a point ξ ∈ ∂T is the point ξ in the boundary of the tree, itself.
We need a technical step for the two useful corollaries 2.1 and 2.2.
Lemma 2.1 Let ξ ∈ Ω/ ∼ , and assume that a subtree of vertices {v 1 , . . . , v n } is in D(ξ). Then, there exists H n an infinite fully quasi-convex subgroup embedded in each of the vertex stabilizer, with ξ in its boundary.
To illustrate the lemma, let us consider separately the cases n = 1 and 2. If n = 1, H 1 is the vertex stabilizer. If n = 2, the pair {v 1 , v 2 } defines an edge e, and ξ ∈ ∂(e). The stabilizer of the edge is convenient for H 2 .
We end the proof by induction. For larger n, re-index the vertices so that v n is a final leaf of the subtree {v 1 , . . . , v n }, with neighbor v n−1 . Let e the edge {v n−1 , v n }. The induction gives H n−1 , a subgroup of the stabilizers of each v i , i ≤ n − 1, and with ξ ∈ ∂H n−1 . As ξ ∈ ∂(v n ), it is in ∂(e), and we have ξ ∈ ∂H n−1 ∩ ∂(e). By Lemma 1.2, H n−1 ∩ Stab(e) is a fully quasi-convex subgroup of Stab(v n ), and of H n−1 , with ξ in its boundary. It is then convenient for H n .
Corollary 2.1 (Domains are finite) For all ξ ∈ Ω/ ∼ , D(ξ) is finite and convex in T . Its diameter is bounded by the acylindricity constant.
The equivalence ∼ in Ω is the transitive closure of a relation involving points in boundaries of adjacent vertices, hence domains are convex.
To show that domains are finite, it is enough to see that they are bounded, and locally finite. By Lemma 2.1, each segment in D(ξ) has a non-finite stabilizer, hence by k-acylindricity, Diam(D(ξ)) ≤ k. The locally finiteness is actually the last requirement of Definition 1.5. 
Definition of neighborhoods in M
We will describe (W n (ξ)) n∈N,ξ∈M , a system of subsets of M , and prove that it generates a convenient topology.
For a vertex v, and an open subset U of ∂(v), the subtree T v,U is the set of vertices w such that [v, w] starts by an edge e with ∂(e) ∩ U = ∅.
Let ξ be in Ω/ ∼ , and
The set W U 1 ,...,Un (ξ) is the disjoint union of three subsets :
If we allow the sets U n to range only over a countable system of open neighborhoods of the boundary of the vertex (which is compact metrizable, hence second countable), we get a countable family of sets W U 1 ,...,Un (ξ), and for each ξ we choose an arbitrary order and note them W n (ξ).
For ξ ∈ ∂T , the construction is easier. Choose v 0 a base point in T , and define the subtree T n (ξ) to be the set of vertices w such that [v 0 , w] ∩ [v 0 , ξ) has length more than n.
Lemma 2.2 (Avoiding an edge) Let ξ be a point in M , and e an edge in T with at least one vertex not in D(ξ). Then, there exists an integer n such that
If ξ is in ∂T it is quite obvious. If ξ ∈ Ω/ ∼ , as T is a tree, there is an unique segment from the convex D(ξ) to e. Let v be the vertex of D(ξ) where this path starts, and e 0 be its first edge. It is enough to find a neighborhood of ξ in ∂(v) that miss ∂(e 0 ). As one vertex of e 0 is not in D(ξ), ξ is not in ∂(e 0 ), which is compact. Hence such a separating neighborhood exists. With the notations above, {W n (ξ); n ∈ N, ξ ∈ M } generates a topology that makes M a metrizable compact, with convergence criterion :
Topology of M
First we will show that the topology is Hausdorff, then we prove a filtration lemma, from which we deduce a fundamental system of neighborhoods (Corollary 2.3). The convergence criterion is an immediate consequence of this corollary. Then we will notice that the topology is regular.
We end the proof as follow. The topology is by construction second countable, separable. As it is also Hausdorff and regular, it is metrizable. It is easily seen, by the convergence criterion, that it is sequentially compact, hence it is compact.
Lemma 2.3 The topology is Hausdorff.
Let ξ and ζ two points in M . If D(ξ) and D(ζ) are disjoint, as they are subtrees (Corollary 2.1), there is an edge e that separates them in T . By Lemma 2.2 there are two neighborhoods of the points that do not meet the boundary of this edge. By definition of our system of neighborhoods, those two have empty intersection. Now, if the domains of ξ and ζ have non-trivial intersection, those two points belong to the boundary of certain vertices v i , in finite number by Corollary 2.1. In each of those boundaries, we choose disjoint neighborhoods U i and V i for the two points points, and we consider the subtrees T v i ,U i and T v i ,V i associated. This gives rise to sets W n (ξ) and W m (ζ) that are separated.
Lemma 2.4 (Filtration)
For all ξ ∈ M , all integer n, and all ζ ∈ W n (ξ), there exists m such that
If D(ζ) and D(ξ) are disjoint, as before, there is an edge e that separates T in two components, each containing the respective domains. Again, Lemma 2.2 gives a neighborhood of ζ, W m (ζ) that do not meet ∂(e), whereas ∂(e) ⊂ W n (ξ), because ζ ∈ W n (ξ). Now, by definition of our system of neighborhood, we have W m (ζ) ⊂ W n (ξ).
If the domains of ξ and ζ have non-trivial intersection, either the two points are equal (and there is nothing to prove), or they both are in Ω/ ∼ . In this last case, let v 1 , . . . , v k be the vertices of D(ξ), and v k−r , . . . , v l the vertices of D(ζ). If U 1 , . . . , U k are such that W n (ξ) = W U 1 ,...,U k (ξ), then for each j ≤ r we have ζ ∈ U k−r+j , because of the definition, and the fact that ζ ∈ W n (ξ). We choose U ′ k−r+j ⊂ U k−r+j for each of those integers. For all other j > r, we choose
Corollary 2.3
The family of sets {W n (ξ), n ∈ N, ξ ∈ M } is a fundamental system of neighborhoods of M .
From Lemma 2.4, we see that any finite intersection of such sets is equal to an union (possibly infinite).
Lemma 2.5 The topology is regular, that is, for all ξ, for all m, there exists
In the case of ξ ∈ ∂T , the closure of
compare with the definition of W n (ξ)). As, by Corollary 2.1, domains have uniformly bounded diameter, we see that for arbitrary m, if n is large enough, W n (ξ) ⊂ W m (ξ).
In the case of ξ ∈ Ω/ ∼ , W U 1 ,...,Un (ξ) \W U 1 ,...,Un (ξ) contains only points in the boundary of vertices of D(ξ), and those are in the closure of the U i , and in the boundary of edges meeting U i \ {ξ}. Therefore, given V 1 , . . . , V n , V i ⊂ ∂(v i ), if we choose the U i small enough to miss the boundary of every edge non contained in V i , except the ones meeting ξ itself, we have
We have a family of neighborhoods around each point. If ξ ∈ ∂T , the boundary of U n (ξ) is a compact of the boundary of an edge. The discussion of the previous lemma tells that if ξ ∈ Ω/ ∼ , the boundary of U n (ξ) is the finite union of boundaries of typical neighborhoods in ∂(v i ) with a compact of the boundary of finitely many edges.
Dynamic of Γ on M
We assume the same hypothesis than for Theorem 2.1. We first prove two lemmas, and then we prove the different assertions of Theorem 3.1.
Lemma 3.1 (Large translations)
Let (γ n ) n be a sequence in Γ. Assume that dist(v 0 , γ n .v 0 ) → ∞ for a vertex v 0 . Then, there is a subsequence (γ σ(n) ) n , there is a point ζ ∈ M , such that all ξ ∈ M , except possibly only one in ∂T , satisfy γ σ(n) .ξ → ζ.
Let ξ 0 be in ∂(v 0 ). We choose (γ σ(n) ) n such that (γ σ(n) .ξ 0 ) converges to a point ζ in M , and still we have dist ( .ζ i ) converge to ζ. Hence, every point ξ ∈ M , except at most one point in ∂T , is such that (γ σ(n) .ξ) n converge to ζ.
Lemma 3.2 (Small translations)
Let (γ n ) n be a sequence of distinct elements of Γ, and assume that for a vertex v 0 , the sequence γ n .v 0 is bounded in T . Then there exists a subsequence (γ σ(n) ) n , a vertex v, and a point ξ ∈ ∂(v), such that all ξ ∈ M , except possibly only one in Ω/ ∼ , satisfy γ σ(n) .ξ → ζ.
Let v be the vertex such that there exists a subsequence (γ σ(n) ) n with the property that the family of segments [v 0 , γ σ(n) .v 0 ] has common prefix [v 0 , v], and the edges e n just after this prefix are all distinct. After possible extraction of a subsequence, by our convergence criterion we see that γ σ(n) .∂(v 0 ) → ξ ∈ ∂(v) uniformly. Let v 1 be another vertex (resp. a point in ∂T ). Assume v is not in the segment (resp. the ray) [γ σ(n) .v 0 , γ σ(n) .v 1 ], except for finitely many edges. After extraction of a subsequence, it is in none of them. Then, the unique path from v to γ σ(n) .v 1 begins by the edge e n and therefore we have the convergence
, then after extraction of a subsequence we see that γ −1 n .v is in each segment [v 0 , v 1 ]. Hence, after again extraction, (γ −1 n .v) n is stationary on a vertex v ′ . Let γ 0 ∈ Γ such that γ 0 .v ′ = v. After the necessary extractions, γ σ(n) = h n .γ 0 , with h n ∈ stab(v). But, by assumption Stab(v) is a convergence group on ∂(v), hence we see that the translates of any point will converge to ξ except possibly a point in ∂(v ′ ).
stabilizer, and the second assertion of the lemma is true. For each i the corresponding maximal parabolic subgroup of St(v i ) is a subgroup of P , because it fixes ξ. But they are bounded parabolic, hence a subgroup of P acts properly discontinuously co-compactly on each of the ∂(v i ) \ {ξ}.
For each vertex i, we choose K i ⊂ ∂(v i ) \ {ξ}, a compact fundamental domain of this action. We consider also E i the set of edges starting at v i whose boundary intersect K i and does not contain ξ. Note the set of translates by P of edges in i (E i ) covers the set of edges with one and only one vertex in D(ξ).
Let, for each i, K ′ i be the subset of M consisting in those points whose domain is made by vertices w such that the first edge of [v i , w] is in E i . As a sequence of distinct edges in E i has only accumulation points in K i , each
is a compact not containing ξ, and as we noted before, its translates by P cover M \ ξ. Hence, P acts properly discontinuously co-compactly on M \ ξ.
We can summarize the Lemmas 3.3, 3.4, 3.5, 3.6 in the following theorem. By applying Theorem 3.1 with Theorem 1.1, we see that Γ is relatively hyperbolic with peripheral structure the set of its maximal parabolic subgroups, described in Lemma 3.6.
Relatively Hyperbolic Groups and Limit Groups
Finally, we come back on limit groups, introduced by Sela in [8] , in his solution of Tarski problem. Limit groups of depth n > 0 can be described as the result of finitely many acylindrical HNN extensions or amalgamation, of limit groups of depth less than (n − 1). Limit groups of depth 0 are simply finitely generated free groups, surface groups, and abelian groups (this is Theorem 4.1 and Lemma 2.3 in [8] ). The HNN extensions, and amalgamations are taken over maximal cyclic groups, not in non-elementary abelian subgroups. 
